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Appendix C: Results of Cholesky residual analysis of normality for constrained factor analyses. 

 

 As described in Section 5.2.3, we used the methodology of Houseman et al. (2006) to check on 

normality for our constrained factor analyses. We present figures in this appendix for indoor concentrations, 

noting that the qualitative conclusions are identical for outdoor concentrations.  

Figures C-1 through C-6 show histograms and quantile-quantile (Q-Q) plots for three different assumed 

correlation structures: (1) unstructured (i.e., using the empirical variance-covariance matrix for the data); (2) 

constrained FA with 7 factors; and (3) constrained FA with 5 factors.   

These figures demonstrate that for the weakest structural assumption, the residuals are extremely heavy-

tailed but not extremely skewed.  More restrictive models result in slightly more skewed residuals.  While it is 

clear that multivariate normality is implausible, a symmetric but heavy-tailed distribution (i.e. multivariate t) 

might adequately describe the data to first approximation.  Under these circumstances, the FA results can be 

expected to be approximately unbiased, provided that the data are missing completely at random (i.e. due to 

independent instrument error rather than high values of the constituent being measured, or the values of another 

constituent). As described in Section 6.2, missing data are largely due to analytical laboratory error or field 

measurement error and therefore adhere to this assumption. However, the FA results may be inefficient.  

Discussion of the implications of misspecified distributions in latent variable settings is available elsewhere 

(Little and Rubin 2002; Sanchez et al., 2009).  

 In spite of potential inefficiencies, it is worth mentioning that the source attribution interpretation of the 

FA model is destroyed by transformation; that transformations other than the logarithm are difficult to interpret 

in this context; and that while log-transformation improves the univariate symmetry of some of the pollutants, it 

worsens the univariate symmetry of others.  In fact, the Cholesky residuals of log-transformed data look 

substantially worse (Figures C-7 and C-8). Thus, the analysis we have conducted represents the best possible of 

the many less-than-optimal procedures. 

 

Figure C-1: Cholesky residual histogram for empirical variance-covariance matrix of indoor pollutant 

concentrations 

Figure C-2: Cholesky residual Q-Q plot for empirical variance-covariance matrix of indoor pollutant 

concentrations 



Figure C-3: Cholesky residual histogram for 7-factor constrained factor analysis of indoor pollutant 

concentrations 

Figure C-4: Cholesky residual Q-Q plot for 7-factor constrained factor analysis of indoor pollutant concentrations 

Figure C-5: Cholesky residual histogram for 5-factor constrained factor analysis of indoor pollutant 

concentrations 

Figure C-6: Cholesky residual Q-Q plot for 5-factor constrained factor analysis of indoor pollutant concentrations 

Figure C-7: Cholesky residual histogram for empirical variance-covariance matrix of log-transformed indoor 

pollutant concentrations 

Figure C-8: Cholesky residual Q-Q plot for empirical variance-covariance matrix of log-transformed indoor 

pollutant concentrations 


